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Introduction 

We fix an infinite field k of any characteristic. In this paper we consider the 
following three prehomogeneous vector spaces 

(1) G = GL(2)yt 1 X GL(2)yt where k\jk is a fixed quadratic extension and V is the 
space of pairs of binary Hermitian forms, 

(2) G = GL(l)yt X GL(2)yt 1 where k\jk is a fixed cubic extension and V is an eight 
dimensional representation of G which becomes the D4 case in [7] after a suitable 
field extension of k } 

(3) G = GL(3)yt 1 X GL(2)yt where k\jk is a fixed quadratic extension and V is the 
space of pairs of ternary Hermitian forms. 

For x G V let G x be the stabilizer. For any algebraic group G over k we denote 
the connected component of 1 by G° . Let R be any ^-algebra. We denote the set 
of invertible elements of R by R x . For any variety X over k the set of i?-rational 
points of A is denoted by Xr. If & sep D k' D k" D k are fields such that [k' : k] < 00 
we denote the norm and the trace by N*.//*.//, Tr^'/yf. 

Let &i be the permutation group of i elements. As in [7] we use the notation 
(Sjtj for the set of isomorphism classes of Galois extensions of k which are splitting 
fields of degree i equations without multiple roots. Note that H 1 (A;,Si) is the set 
of conjugacy classes of homomorphisms from Gal(& sep /A;) to &i. If i = 2 or 3 there 
is a bijection between H 1 (A;,Si) (see §1 for the definition) and (see [7]). In [7] 
D. Wright and the second author considered eight prehomogeneous vector spaces 
(Gr, V) and proved that there is a bijective correspondence between Gk \ V k ss and 
H 1 (A;, &i) for suitable i between 2 and 5. 

The purpose of this paper is to prove an analogous correspondence for the above 
prehomogeneous vector spaces (l)-(3). For case (1) the correspondence is bijective. 
However, it turns out that the correspondence is not bijective for cases (2), (3). 
We describe the fiber structure of this correspondence in §§2-4. In §1 we briefly 
review basic properties of the non-abelian Galois cohomology set and its relation to 
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the orbit space Gk \ V^ ss . In §§2-4 we consider the prehomogeneous vector spaces 
(l)-(3) respectively. 

In §§2-4 we also determine the structure of G° x for all x £ V k ss for the preho- 
mogeneous vector spaces (l)-(3). If A; is a number field we can associate the zeta 
function for each case. The zeta function is a counting function of Gk \ V k ss possi- 
bly with the weight vol(G x ^/ G° xk ). So if we determine the structure of G° x for all 
x £ V k ss } we know what kind of density theorem we can expect for each case. We 
discuss this issue in §5. 

§1. Rational orbits and the Galois cohomology 

In this section we briefly recall the relation between the Galois cohomology set 
and the set of rational orbits in prehomogeneous vector spaces. Also we prove a 
few lemmas which we will need in later sections. 

We first recall the definition of the Galois cohomology set. Let G be an algebraic 
group over Ac, and Ac '/Ac a finite Galois extension. A 1-cocycle is a function h = {h^} 
from Gal(Ac'/Ac) to Gk' {h n is the value of h at r/ £ Gal(Ac'/Ac)) satisfying the condition 

A? — h h 112 

ll r]ir] 2 — ll r]2 ll r) 1 

for all 771,772- If At = {Ai^}, i = {i n } are 1-cocycles, they are equivalent if there 
exists g £ Gk' such that 

for all 77. This defines an equivalence relation and H^Ac'/Ac, G) is the set of equiv- 
alence classes. Let g £ Gk'- We use the notation Sg for the 1-cocycle h = {h^} 
defined by h n = g~ 1 g 1] for all 77 £ Gal(Ac'/Ac). The cohomology class defined by Sg 
does not depend on the choice of g and we denote this element by 1. 

We define H (k,G) to be the projective limit of H (Ac'/Ac,Gr) for all the finite 
Galois extensions k 1 . We define H (Ac'/Ac, G) = W{k,G) = G k . If G is an abelian 
group, H n (Ac'/Ac, G) can be defined for all n and has a structure of an abelian group 
also. 

Let 

(1.1) 1 ^ G 1 -+ G 2 ^ G 3 ^ 1 

be a short exact sequence of algebraic groups over k. This means that G\ is a normal 
subgroup of G2, the kernel of G2 — > G3 is G\, and G2k ae p G3k ae p is surjective. If 
Gri, Gr2, G3 are abelian groups, we have the following long exact sequence 

> H n (k, Gi) ^ tt n (k, G 2 ) ^ K n (k, G 3 ) ^ • • • . 

We consider the case when Gi } G 2} G3 are not necessarily abelian. Let g £ G%k- 
If k' jk is a large enough finite Galois extension, there is an element / £ G 2 k' which 
maps to g. For a cohomology class c in H 1 (A;, G\) defined by a 1-cocycle h = {Ai^}, 
we define gc £ H 1 (A;,G ! i) to be the class defined by the 1-cocycle {fh r] (f ri )~ 1 }. 
Since g £ G^k, fh^if 11 ) -1 £ Gik^ P for all 77 £ G&l(k sep /k) and it is easy to see 
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that gc does not depend on the choice of / or k' . This defines an action of G 3k on 
H G\). The following lemma is an easy consequence of Proposition 38, §5.5 and 
Corollaire 1, §5.5 of [6]. 

Lemma (1.2) The sequence 

l^G 3k \ E\k, G 1 ) -+ ll\k, G 2 ) ^ H 1 ^, G 3 ) 

is exact. Moreover, if (1.1) is split, the last map is surjective. 

Note that the exactness of the sequence in (1.2) means that the inverse image of 
lGH 1 (A;,G3)is G 3k \ H 1 ^, Gi). 

For the prehomogeneous vector spaces (l)-(3), we prove in §§2-4 that there is a 
distinguished element w £ V k ss and a split exact sequence 

(1.3) 1 ^ G° w ^ G w ^ 6, ^ 1 

where the Galois group acts on &i trivially. 

It is a familiar fact that both H (&,GL(n)) and H (&,SL(n)) are trivial. As 
remarked in [6] (see the proof of Theoreme 1, §2.2) one has 

E\k 1 ,G) = E\k,R kl/k (G)) 

for any algebraic group G over &i, where R kl / k denotes restriction of scalars. This 
leads at once to the following. 

Lemma (1.4) Let k\jk he a finite separable extension, and G = G~L(n) kl or SL(n)^ 1 
considered as an algebraic group over k. Then E 1 (k 1 G) = {1}. 

In §§2-4 we prove that the prehomogeneous vector spaces (l)-(3) satisfy the 
following condition. 

Condition (1.5) The set VpLp is a single G k se P -orbit. 

Suppose Condition (1.5) is satisfied. Then for any x £ V^ ss , we can choose a 
finite Galois extension k'/k and g £ G k i such that x = gw. Then c x = {g~ 1 g 1] } 
determines an element of Ker(H 1 (A;, G w ) — > H 1 (A;, G)) (which is the set of elements 
which map to 1 £ E 1 (k 1 G)). In [2] Igusa assumed that the characteristic of the 
field is zero. However, if Condition (1.5) is satisfied, we can still make cohomology 
classes from rational orbits in V k ss . Therefore, without changing Igusa's argument, 
we have the following Theorem. 

Theorem (1.6) (Igusa) Suppose a prehomogeneous vector space (G, V) satisfies 
Condition (1.5). Then the correspondence 

G k \ 1/ ss 9 x -> c x £ Ker(H 1 (A;, G w ) -> H 1 (A;, G)) 

is bijective. 

For the prehomogeneous vector spaces (l)-(3), G is either GL(2)^ 1 X GL(2)^, 
GL(l)yt X GL(2)yt 15 or GL(2)yt 1 X GL(3)yt, where k\ is either a quadratic or cubic 
extension of k. So by Lemma (1.4) and Theorem (1.6), we have the following 
proposition. 
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Proposition (1.7) For the prehomogeneous vector spaces (l)-(3), the correspon- 
dence 

G k \VZ s 3x^c x eE\k,G w ) 

is bijective. 

Since (1.3) is a split exact sequence, by Lemma (1.2), we have the following exact 
sequence 

(1.8) 1 ^ 6, \ H 1 ^, G°J H 1 (A;, G w ) -+ K\k, 6.) ^ 1. 

Therefore, the canonical map H 1 (A;,G ! U ,) — > H 1 (A;,Si) can be considered as a 
map from E 1 (k, G w ) ^G k \ V£ s to g^. We denote this map by ay . If x G V| s , we 
also use the notation ay(x) for ay(Gkx) and call this field k(x). In §§2,4 we define 
a subscheme Zero (x) C F 1 defined over k for any x G V^ s . It has the property 
that k(x) coincides with the field generated by residue fields of points in Zero(x). 
Moreover, from the naturality of the construction of Zero(x), it will turn out that 
the following sequence 

(1.9) 1 -> G° x -> G x -> Aut(Zero(x)) -> 1 

is exact (but not necessarily split). Here Aut(Zero(x)) is the algebraic group over 
k which represents the functor S — > Auts(Zero(:c) X & S) for ^-schemes S. In §3 we 
prove that for any k' G (S£ 2 , there is an element x G fty^fc') such that there is a 
split exact sequence 

(1.10) 1 ^ G° x G x ^ 6 2 ^ 1, 

where the Galois group acts trivially on &2- 

Let x G V^ ss . We choose an element g x G Gk^p so that x = g x w. Then for each 
element c G E 1 (k 1 G w ) defined by a 1-cocycle {h^}, we can associate an element 
c 9x G H 1 (A;,G ! X ) defined by a 1-cocycle {g x h ri (g^)~ 1 }. It is easy to see that the 
map c — > c 9x is well defined and does not depend on the choice of g x . Also a similar 
construction using g~ x defines a map from H (k,G x ) to H (k,G w ). Therefore, we 
have the following lemma. 

Lemma (1.11) The map 

K 1 (k,G w )3c^c9° eK\k,G x ) 

induces a bisection. 

In the following lemma let z = 2 for cases (1), (2) and i = 3 for case (3). 
Consider x G V k ss in (1.9) or (1.10). 

Lemma (1.12) Let k' = k(x) G Then 

a'^k') 2* Aut*(Zero(a;)) \ H 1 (A;, G° x ) or 6 2 \ H 1 ^, G° x ). 

Moreover, by this identification, the cohomology class {g~ 1 g r] } G H 1 (A;,G ! °) (g G 
Gfcsep) corresponds to the orbit G^gx. 
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Proof. Let x = g x w and y £ V k s . Then y = gx for certain g £ Gk se p- So y = gg x w } 
which implies that y corresponds to the cohomology class c = {(ggi) -1 (ggi) 11 }- 
Therefore, by the identification in Lemma (1.11), 

c 9 * = {gAgg.r'ig^n^r 1 } = {<TV}. 

So if we identify G x \ V k ss with H 1 (A;, G x \ the orbit of y corresponds to the coho- 
mology class c XjV = {g~ 1 g 1] }- Because of Lemma (1.2), we only have to prove that 
a v(y) = OLy(x) if and only if c XjV comes from H 1 (A;, G° x ). 

Since both x and w are rational elements, x = g^w also. Therefore, 

G x k^p = g x G w k^pg x 1 = g x G w k^p(g x ) 1 , 
o- X £se P — yx^ w k se py x — g wk se p\g x ) 

Since (1.3) is split, we consider &i as a subgroup of G w . Suppose y = gx = gg x w 
satisfies the condition ay(y) = ay(x). Then {g x 1 g~ 1 g r, g x r } and {g x 1 g x } map to 
the same element in H 1 (A;, So there exist r £ &i and n n £ G® wkssev such that 

gx 1 g~ 1 g v g x l = r ~ x gx X gl rn n- 

We can modify the above equation as 

{gxr- X g x V )-\g- X g^){g x r-'g- v T = ^r^r" 1 ^)- 1 . 

The left hand side defines the same cohomology class as {g~ 1 g r] } in H 1 (A;, G x ) and 
the right hand side belongs to G° xkaep . Therefore, this cohomology class comes from 
H^G*). 

Conversely, if {g 1 g 1] } comes from H (k, G° x ), by changing g is necessary, we can 
assume that g~ 1 g 1] £ G° xkaep for all rj. Then 

g-x x g~ x g n g n x = g^Mr 1 ^ 1 ^, 

and 

{gir 1 g- 1 g 11 g" x e G° wksep 

for all rj. Therefore, ay(y) = ay(x). This proves the lemma. 

Q.E.D. 

Remark (1.13) In [7] the logic was slightly imprecise. In order to determine 
the fiber structure of ay, Lemma (1.12) should have been used. However, since 
E 1 (k,G° x ) = 1 for all the cases in [7] by Lemma (1.4), the statements in [7] do 
not have to be changed. Also, in order to apply Igusa's result, we have to show 
that Condition (1.5) is satisfied. For the F4 and E$ cases in [7], it follows from 
Propositions 1.1, 1.5, 1.6, 2.3, Lemma 2.10, and Corollary 2.12 (all in [7]). Other 
cases are straightforward. Also the assumption in [7] that the characteristic of the 
field is not 2,3, or 5 was not necessary. This is because if the discriminant of a 
rational polynomial is not zero, its roots generate a separable extension no matter 
what the characteristic of the field is. For example, the discriminant of the quadratic 



5 



polynomial av\ + bv\v 2 + cv\ is b 2 — Aac. If the characteristic of the field is 2, it is 
b 2 . If b ^ 0, this polynomial cannot be of the form (av\ + f3v2) 2 = a 2 v\ + fi 2 v\. 

§2. The non-split case (1) 

In this section, we consider the space of pairs of binary Hermitian forms and 
prove that the set Gk \ V^ s corresponds bijectively with (£j: 2 . We also determine 
the stabilizer of any element x £ V^ ss . 

We fix a separable quadratic extension k\ = k(ao) of k. The non-trivial element 
of Gal(&i jk) is denoted by a. Let G = GL(2)fe 1 X GL(2)& considered as an algebraic 
group over k. Let W be the space of binary Hermitian forms, i.e. any element in W 
is a 2 X 2 matrix A satisfying t A a = A. Let V = W® k 2 . We consider V as the space 
of binary Hermitian forms M(v) with entries in the space of linear forms in two 
variables v = (^1,^2)- Then g = (<7i,<72 ) £ G acts on V by gM(v) = g 1 M(vg 2 ) t gi. 

There is a natural map W ® k\ — > M(2, 2)^ 1 <E> k\. This map is equivariant with 
respect to G^ = GL(2) ( t 1 X GL(2) ( t 1 X GL(2) ( t 1 . Since M(2, 2) ( t 1 ®k\ is an irreducible 
representation of Gk x , this map is surjective. Since the dimension of W(E) k\ is eight, 
this map is an isomorphism. Therefore, (G, V) is a prehomogeneous vector space 
and is a A; -form of the D4 case in [7]. Note that this argument works even if the 
characteristic of the field is two. 

Let x = V1X1 + ^2^2 where x\,X2 are binary Hermitian matrices. Consider the 
map 

x —> F x (v) = det x £ Sym k 2 . 

Note that since £1,3:2 are Hermitian, det a: £ Sym 2 A: 2 . Clearly, F( gi ,g 2 )x( v ) = 
N ( t 1 / ( t(det g\)F x (vg2). Let Zero(a:) C IP 1 be the subset defined by the roots of 
F x {v) = 0. More precisely, 

Zero(a:) = Proj k[v 1} v 2 ]/(F x (v)) 

as a scheme over k. Let A(x) be the discriminant of F x (v) as a polynomial of v. 
Clearly A is a non-constant relative invariant polynomial. Since A does not vanish, 
Zero(a:) is a reduced scheme for every x £ V^ ss . 

It is possible to check by linear algebra that the D4 case in [7] satisfies Condition 
(1.5). Since k\jk is a separable extension, we get the following proposition. 

Proposition (2.1) The prehomogeneous vector space (G, V) satisfies Condition 
(1.5). 

If g = (g'i,g , 2) £ G x , v — > vg^ 1 is an automorphism of Zero(a:). So there is a 
natural homomorphism G x — > Aut(Zero(a:)). 
Let 

(2.2) w = Vl (^ )+^° 

1\ f 1 

1 OJ ' \1 

Note that r £ G wk . As in [7], Zero(w) = {(1, 0), (0, 1)}, Aut(Zero(a:)) = 6 2 , and r 
exchanges (1,0) and (0,1). 
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For the rest of this paper we use the notation 

(2.3, a ( t 1 ,t 2) =^ ) y, »(«)=(; ; 

Let 

(2.4) t = (a 2 (t n ,t 12 ),a 2 (t 21 ,t 22 )), 

where tn,ti 2 G k* , t 2 i,t 22 G P. By considering the stabilizer of w over & sep we 
find that Ker(Gu, — > (3 2 ) = G° w and that if g = (g'i,g , 2 ) G G° w then g must have the 
form (2.4). Since r G G wk we have a split exact sequence 

(2.5) 1 ^ G° w -+ G w 6 2 ^ 1, 

where the action of the Galois group on (3 2 is trivial. Now t in (2.4) belongs to G w 
if and only if 

^2iN fcl / fc (tn) = t 22 N A . 1 / A .(ti 2 ) = 1. 
Therefore, we get the following proposition. 
Proposition (2.6) As an algebraic group over k } 

G° w = {t | t 2 i~N kl / k (tu) = t 22 N A . 1 / A .(ti 2 ) = 1} 
= GL(l) kl xGL(l) tl . 

In general, if x G V k s and x = gw for g = (g'i,g , 2 ) G G k se P} 

(2.7) G° xk se P = gG° wk se P g \ G xk se P = gG wk se P g x , 

Zero(x),se P ={(l,0) fl f 1 - 1 ,(0,l) fl f 1 - 1 }. 

Therefore the sequence (1.9) is exact. 

By (1.8) we have a surjective map ay : G k \ V k s — > (£j: 2 . Let k(a)/k be a 
separable quadratic extension. If a k\ , 

G k ( a ) = GL(2) A . 1 ( a ) x GL(2) A .( a ), 
V k(a) = W k(a) ®k(a) 2 . 

If a = ato, 

G kl = GL(2) kl x GL(2) fcl x GL(2) fcl , 

V kl = M(2,2) fcl ® k\. 

Let g = (g'i,g , 2 ) G G k and x = v\Xi + u 2 x 2 . Under the above identification g 
corresponds to (g\ , g° , g 2 ). The action of the Galois group Gal(ki / k) on Gyt 1 is 
given by g a = (g% i 9i i 9s) ( a £ Gal(&i/A;) is the non-trivial element). There is a 
unique right action of the Galois group Gal(ki / k) on W®k\ satisfying the property 
that it is trivial on W and (tx)r/ = t n xr\ for r/ G Gal(ki / k). Therefore, x i— > t x a 
for the non-trivial element a G Gal(&i/A;), is the Galois group action on M(2,2)^ 1 
induced by that on W . This implies that the action of the Galois group Gal(&i/A;) 
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on Vk 1 is given by x a = v^x* + V2 f x%. Also the action of Gk 1 on Vk 1 is given by 
gM(v) = g 1 M(vg- i ) t g 2 for g = (g 1 , g 2 , g 3 ) G . 

Let /(u) = v\ -\- a\V\v 2 + 02^2 ^ k[ v ] ^ e a polynomial such that the roots a\,a 2 
of / generate the field k(a). (This implies that ol\ + a 2 = — oi, a\a 2 = a 2 .) 

We define 



(2.8) g a ={ -~ ai ~ a2j K ~ ai ~ a2 
v ; y * 7 7 1 1 \ / 1 1 \ / 1 1 



a k 



1 

-Oil —a 2 J \ —Ol\ —a 2 J \ —Ol\ —a 2 

( 2 ai \ v f °i a i — 2a 2 \ 

yai — 2a2 J \ a i ~ 2«2 cl\ — 3ciia 2 J 



a = «o, 



Then iDq, = g a w G V| s . 
It is easy to see that 

= («i - «2) 2 (^i - a 1 v 2 )(v 1 - a 2 v 2 ) = («i - a 2 f f{y). 

The field k(w a ) corresponds by definition to the cohomology class {g^Qa} G 
W{k,& 2 ). If v is the non-trivial element of Gsl(k(a)/k) then g^g^ = t and so 
this cohomology class also corresponds to the field k(a). Therefore k(w a ) = k(a). 
Let 

^ ^ ^ _ ( {a 2 {t lu t 12 ),a 2 {t 2U t 22 )) a(jik u 

I (02(^11,^12), 02(^21,^22), 02(^31,^32)) a = a . 

Proposition (2.10) (1) If a £ k\, as an algebraic group over k } 

G o = f gtg -i ^11^12 G &i(a) x , t 21 ,t 22 G k(a) x , t 12 = t\ x , 

Wa \ a a ^2iN ytl ( Q ,)/ yt ( Q ,)(tii) = t 22 N kl ( a) m a) {t 12 ) = 1 

— GL(l) A . 1 ( a ). 
(2) If a = «o, ft-? «^ algebraic group over k } 

G° Wa = {gcttg' 1 I Uj G for all i,j, t 32 = t%!, t 21 = t a 12 , t 22 = t^, <3i<ii<i2 = 1} 
= GL(l) fcl xGL(l) tl . 

Proof. Consider (1). In order to prove an isomorphism between two algebraic 
groups G\ } G 2 over k, it is enough to prove natural isomorphisms between the 
sets G\r } G 2 r of i?-rational points of G\ } G 2 for all ^-algebras R. For this, the 
reader should see Theorem [3, p. 17]. 

Let R be any ^-algebra. For any Galois extension k'/k, v G Gal(&'/A;) acts on 
k' (g) R by (x (g) r-y = x v ® r. We define R{a) = k{a) ® R and R^ct) = h(a) <g) R. 
Then 

G° WaR = {g G I flf" = flf for all !/ G Gcd(k(a)/k)}. 
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Any element of G° w R ^ is of the form g a tg a 1 where t is as in (2.4) with tn, ti 2 G 
Ri(a) x and t 2 i,t 22 G R(a) x . Since g v a = g a T, 

(gatga 1 )" = gaT(a 2 (t" 1} t" 2 ) } a 2 (t2 1} t2 2 ))Tg- 1 
= g a (a 2 (t : i 2 , ^11), «2(^2 2 , t2l))g a 1 ■ 

So (gatga 1 )" G G^ ajR if and only if 

^12 = ^11, ^2lNfe 1 /fe(tn) = t22N ytl / yt (ti 2 ) = 1. 

Note that this condition implies £22 = ^21 a l so - This proves the statement (1). 
The statement (2) follows by a similar argument using the fact 

(gatga 1 ) 17 = gaT(a 2 (t 2 T 1} t 2 T 2 ) } a 2 (t C [ 1} t C [ 2 ) } a2(t3 1} t3 2 ))Tg- 1 
= ga(o^(t 22 ^t 21 ), a 2 (£12^11)5 a 2(^32 5 ^l))^ 1 ■ 

Q.E.D. 

By Lemma (1.4) and Proposition (2.10), H^&jG^ ) = {1} for all the cases. 
Therefore, we have the following theorem. 

Theorem (2.11) The map ay '■ G k \ V k ss — >■ (S]C 2 is bijective. 

For x = vo a , the field k(x) is generated by residue fields of points in Zero(x). 
But by the above theorem, all the points in V k ss are either in GkW or in GkW a for 
some a. Therefore, we get the following corollary. 

Corollary (2.12) If x G V k ss } the field k(x) is generated by residue fields of points 
in Zero(x). 

§3. The non-split case (2) 

In this section, we consider the most non-split prehomogeneous vector space 
which becomes the D4 case in [7] after a suitable extension of the base field. We 
first describe the prehomogeneous vector space we consider in this section. 

Let k\ be a separable cubic extension of k, and k 2 the normal closure of k\. Then 
either k 2 = k\ is a cyclic cubic extension of k or k 2 is an ©3-extension of k. Let 
G = GL(2)yt 1 considered as a group over k. We construct a prehomogeneous vector 
space (G, V) over k such that (G k27 V k2 ) is the prehomogeneous vector space (G, V) 
where 

G = GL(2) k2 x GL(2) k2 x GL(2)* 2 , V = k\ <g> k\ <g> k\. 

We choose three different imbeddings (Ji, (72,03 : k\ — > k 2 over k. We consider 
Gk 2 as a subset of M(2,2)yt 1 ® k 2 . Then the map 

<f>:M(2,2) kl ®k 2 3 g® a ^ (ag a \ag a \ag as ) G M(2, 2) * 2 xM(2,2) tj xM(2,2) tj 

induces an isomorphism. By this map, cf>(G k2 ) = GL(2)& 2 X GL(2)& 2 X GL(2)& 2 . 

Let H\ = Gal(&2/&) and H 2 = Gal(k 2 / ki). Then H 2 is a subgroup of Hi 
and [Hi : H 2 ] = 3. So there exists a homomorphism h : Hi — > S3 such that 
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H 2 a t a = H 2 Vh{cT){i) for % = 1,2,3. (Here if ri,r 2 G 63, (rir 2 )(z) = t 2 (ti(z)).) If 
g G GL(2)fe 1 , we regard g as a At -rational point of G. So g is fixed by the action of 
H\ . This means that if a G At 2 and cr G i?i , 

^{{g®af) = ^(g®a a ) 

= {a°g°\a°g°\a°g°-) 

= ((ag^- 1 r,(ag^- 1 r,(ag^- 1 r) 

= ((a 5 CT M-- 1 )(i)) CT ,(a 5 CT M-- 1 )(2)) CT ,( a5 CT M-- 1 )(3)) CT ). 

Therefore, if g 1 ,g 2 ,g 3 G GL(2)fc 2 , 

(fi'l,fl , 2,fi , 3) CT = (fl'ft'( -i)(l),fl , ft'( -i)( 2 ),fl , ft'( -i)(3))- 

Let V = k\ ® k\ ® At| . We define a right action of #1 on V" by 

(3.2) ( Xl ®x 2 ® x 3 y = xl ((7 - 1)(1) ® < ((T -i )(2) ® < (ct -i )(3) . 

Let V = 7 Hl . Clearly, (#:c) CT = g a x (T for cr G Hi, g G G, and x G V". Since 
Gfc = G^ 1 , G naturally acts on V. We show that V ®k 2 = V . 

We first fix a coordinate system for V. Let fi = ^q^' / 2 = ^1^' anC ^ 

e ijk = /i ® /j <E> /& f° r j, A; = 1, 2. Then {e^ | i,j, At = 1, 2} is a basis for V . So 
any element x G V can be expressed as x = • k Xijkeijk, where xijk G Ar 2 for all 
i,j, At. 

For the rest of this section, we choose and fix a G Hi so that h(a) = (123). If 
Hi = S3, without loss of generality, we may assume that h((f ) = (23) for the non- 
trivial element a G H 2 . Note that if xi,x 2 ,x^ G At, (xi (x) x 2 (x) x^) a = X3 (x) xi (x) x 2 . 
Therefore 

e ni = e ni5 e ii2 = e 2ii, e i 2 i = e ii2, e^ 22 = e 2 i2, 
e 2ii = e i2i, e 2i2 = e 22i, e2 21 = ei22, e 222 = e 222 . 

So if X = j £ ^ ijk^ijk ? 

x CT = Xi n eiii + Xi 12 e 2 n + Xi 21 en 2 + £i 22 e 2 i 2 

+ ^211 e 121 + ^212 e 221 + ^221 e 122 + ^ 222 e 222 . 

It is easy to see that x a = Y^i,j,k x ikj e *jk- 
Therefore the condition x G V is equivalent to 

2 2 

(3.3) xm,x 222 G A;, 2Ti 22 = ^212, ^122 = ^221, ^211 = ^121, ^211 = ^12, 
Z122, x 2 n G Ati. 

So x is determined by xm,x 222 G At and xi 22 ,x 2 n G Ati. 

Since V is an irreducible representation of GL(2)& 2 X GL(2)& 2 X GL(2)& 2 , the 
natural map V (x) k 2 — > V is surjective. Since dim^ V = dim,t 2 V = 8, V (x) k 2 = V . 
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Therefore, (G, V) is a prehomogeneous vector space. Since k 2 /k is a separable 
extension, we get the following proposition. 

Proposition (3.4) The prehomogeneous vector space (G, V) satisfies Condition 
(1.5). 

In order to describe the action of G on V , it is enough to consider the action of 
elements a(t\ , t 2 ) } n(u) and 

1 



(3-5) . , 1( 

Note that this element r is different from that in (2.2). 

We choose o\ = 1, 02 = a, 03 = a 2 . If k 2 is an ©3-extension of k, this means 
that we are restricting elements of Gal(k 2 / k) to k\. It is easy to see that 

(3.6) a(t 1 ,t 2 )x = N fcl / fc (ti)xiiiem + trf^N kl / k (t 2 )x 122 

+ t 2 ti 1 N kl / k (t 1 )x 2 ii H h N kl/k (t 2 )x 2 22e222- 

By easy computations, 

2 

n(u)em = em + ue 211 + u a e 121 + u a e 112 

2 2 

+ u a u a e 122 + e 2 i2 + uu a e 221 + N fel / fe (u)e 2 22, 
n(u)e 112 = en2 + ue 2 i2 + w CT ei 2 2 + uv a e 222 , 

2 2 

K M ) e i2i = e i2i + ue 221 + u CT ei22 + uu a e 2 22, 
n(u)ei22 = ei22 + ue 222 , 

2 2 

^(w)e 2 n = e 2 n + M CT e 2 2i + « CT e 2 i2 + e 2 22, 
n(u)e 212 = e 212 + u CT e 2 22, 
n(u)e 221 = e 221 + u CT e 22 2, 
n(u)e 222 = e 222 . 

Therefore, if n(u)x = Y^i,j,k Vijkeijk, 

(3.7) ym = xm, 

?/2ii = ^211 + zin^, 

22 2 

2/122 = ^122 + X 111 U (7 U a ' + X2 11 U°' + x'jjtl" , 

2 

J/222 = ^222 + zmN^/^u) + Tr fcl / fc (x2iiM CT u CT ) + Tr kl / k (x 122 u). 



The element n is obtained by exchanging 1 and 2 in the indices of e^'s (for 
example rei 2 2 = e 211 ). 

The relative invariant of (G, V) can be constructed in the following manner. For 
x = (xij k ) G V , we associate a 2 X 2 matrix with entries in the space of linear forms 
in two variables v = (vi 7 v 2 ) as 

tix / \ / ^121 \ . Z' Z112 ^122 

x ->■ M x (u) = + "2 

V Z211 ^221 / V £212 £222 



11 



Then F x (v) = det M x (v) is a quadratic form in v = (^1,^2)- Let A(x) be the 
discriminant of F x (v). 
It was shown in [7] that 

^((9i,92,g3)x) = (det g 1 det g 2 det g 3 f A(x) 

for g'i,g , 2,fi , 3 £ GL(2)yt 2 and x £ V. So if we put x(flO = N^ 1 /^.(det g) for g £ 
GL(2)fe 1 , x i s a & -rational character of G and A(</>(g):c) = x((/) 2 A(x). 

Proposition (3.8) A(z) £ k[V}. 

Proof. By an easy computation, 

F x (v) = (xiiix 2 2i - £121X211)^1 

+ (£111^222 + £221^112 - ^121^212 - ^211^122)^1^2 
+ (£112^222 - £122£212)^2- 

So 

A(x) = (x 111 X 2 22 + £221^112 - £121^212 ~ £21l£l22) 2 

-4:(x 111 X 2 21 - £l2l£21l)(£ll2£222 ~ £122^212) 
22,22,22,22 

ry ry __l_ ry ry __l_ rv* rv* __|_ rv* rv* 

— £111^222 ~r x 221 x 112 ~r x 121 x 212 ~T~ x 211 x 122 

- 2xmX222£22l£ll2 - 2xmX222£l2l£212 

- 2xmX222£21l£l22 - 2xi2l£ 2 2l£ll2£212 

- 2x21l£ 2 2l£ll2£l22 - 2xi2l£ 2 ll£l22£212 
+ 4xmX22l£l22£212 + 4xi2l£ 2 ll£ll2£222- 

If X £ 14, 

A(x) = x 111 x 2 22 + Trj. 1; /j.(a; 122 a; 211 ) 

- 2xmX222Tr A . 1 / A .(a;i22£21l) - 2Tr A . 1 / A .(xi2 2 £i22 :c 21l£21l) 
+ 4xmN fcl / fc (xi22) + 4x222N fcl/fc (x21l). 

This proves the proposition. 

Q.E.D. 

For the rest of this section, we consider an extra GL(l)yt -factor because it is 
more natural number theoretically. So the group is G = GL(l)yt X GL(2) / t 1 instead 
of GL(2)yt 1 . We can define an action of G on V by assuming that t £ GL(l)yt acts 
by the ordinary multiplication of t. Then (G, V) is also a prehomogeneous vector 
space. Since the group is bigger, Condition (1.5) is still satisfied. 

Let w = em + e222- We identify r with (1,t). If &2 C k' , the group G° wk t is 
generated elements of the form 

(t, 02(^11 , £12), 02(^21 , ^22), 02(^31, £32)), 
and G w k' is generated by G° and r. Therefore we get the following proposition. 
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Proposition (3.9) (1) As an algebraic group over k } 

G° w = |(<i,a 2 (W22)) 

(2) There is a split exact sequence 

1 — >■ G^ — >■ G w — >■ &2 — > 1 

where the action of the Galois group on & 2 is trivial. 

From (1.8) we have a surjective map ay : Gk \ V k ss — > (££ 2 - 

Let k(a)/k be a separable quadratic extension. Then k\ ® k(a) = k\(a). If 
k 2 ~f> k(a) } we extend a to k\(a) so that it is trivial on k(a). If k 2 /k is an ©3- 
extension containing k(a) } k(a) is the unique quadratic extension of k contained 
in k 2 . So a is trivial on k(a). In both cases, we can regard the action of Gk( a ) = 
GL(l)t( a ) x GL(2)fc l(a ) on V fc ( a ) as given by 

2 

(t, (?) • X\ (x) ^2 <E> %3 = (x) fi ,CT ^2 <E> 5 f<T ^3 

for < G &(a), # G GL(2) Jfcl(a ). 

Let 1/ be the non-trivial element of Gal(k(a)/ k). We extend v to Gal(& 2 («)/&) 
so that it is trivial on k\. Note that this is possible even if a G & 2 , because if &i is 
generated by ol\ G &i over k and a 2 , «3 £ ^2 are conjugate elements, we can choose 
v to be the transposition (23). By this extension, v induces an involution on 

Gk( a ) — GL(l) A .( a ) x GL(2) A . 1 ( a ), 

where the action of v on the right hand side is defined by the extension of v to 
Gal(k 2 (a)/ k) } and 

{g G G k(a) \g v = g} = G k . 

Let f(v) = v\ -\- a\V\v 2 -\- a 2 v 2 G k[v] be a polynomial such that the roots a\,a 2 
of / generate the field k(a). We define 

< 3 - 10 > "» = ( 1 -(- 1 ai -«„))• 

w a = 2e m + ai(e 2 n + e 121 + en 2 ) 

+ (a\ - 2a 2 )(e 122 + e 2 i 2 + e 22 i) + (a\ - ^>a x a 2 )e 222 . 

Then g a w = w a . Since g v a = g a T for the non-trivial element v of Gal(k(a)/ k) } k(a) 
corresponds to the cohomology class {g^Qa 1 } ^ H 1 ^,^). Therefore, k(w a ) = 
k(a). 

For the rest of this section, we determine G° x for all x G V k ss . 
By the definition of w a , 

G Wa k^p = g a G w k^pg a 1 , G° WakS e P = jaG^p^ 1 . 



^21,^22 £ kf 



h G k 

tiN kl/k (t 21 ) = t 1 N kl/k (t 22 ) = 1 
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Note that 

(l,a 2 (l, -1)) = g a rg~ x G G Wak . 
Therefore, we have a split exact sequence 

(3.11) 



1 



G, 



G, 



6 5 



1, 



where the Galois group acts on &2 trivially. 

We get the following proposition by the same argument as in §2. 

Proposition (3.12) As an algebraic group over k } 



Gw a — \ 9a(h,Cl2 (^21,^21 ))fl'a 1 



h G k x , <2i G h(a) x , 
{t 21 G GL(l) Ma) | N fcl 

(a) /k(a 

)(< 21 ) G GL(1)*}. 



Theorem (3.13) There is a bijection 

&2 \ (k*/K kl/k (k*)) 2 /{(t,t) \t £ k x } = a ~\k), 

where the action of &2 is given by permutations. Moreover f3 = (fa, fa) G (k x ) 2 

corresponds to the orbit of faem + fae222- 

(2) If k(a)/k is a quadratic extension, there is a bijection 

6 2 \ (K«)^ X N Ma )/ Ma) (£i(«) X )) = OLy\k{a)\ 

where the action of the non-trivial element v G ©2 — Gal(k(a) / k) is given by 
the usual Galois group action. Moreover, f3 G k(a) x corresponds to the orbit of 
gaifiem + ft" 6222)- 

Proof. We have an exact sequence 

1 ^ G° w ^ GL(l) fcl x GL(l) fcl ^ GL(1)* ^ 1, 

where the last map is given by (£1,^2) ~~ ► ^ k 1 /k(^i^2~ 1 )- So we nave an exact 
sequence 

k x x k x -> & x -> H 1 (A;, G^) -> 1. 

This implies 

H 1 ^,^) = fcVNjb,/*^) = (k x /N kl/k (k x )) 2 /{(t,t) I * G k x }. 

We will calculate the orbit corresponding to an element of lA^(k,G w ) realized 
in this way. This amounts to making explicit the boundary map in the above 
sequence. Let f3 = (fa, fa) G (k x ) 2 . We choose a a large enough finite Galois 
extension k' jk and fa = (fai,fa 2 ) G k\ ® k' X k\ ® k' such that N kl / k (fa i ) = fa for 
i = 1,2. Here we are considering &-morphism between the A; -varieties 
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GL(l)yt 1 and GL(1)&. Then the corresponding element in H 1 (A;,G ! ^ ; ) is given by 
eGal(fe' /k) • By Proposition (3.9), this corresponds to the element 

(3.i4) {iMPu&T^MP^&W- 

Let gp = (l,a 2 (P[^' 2 )) G G k > . Then in H^&'/A;, G k '), the element (3.14) is 
trivial and becomes 8gp. Therefore, f3 corresponds to the orbit of 

gpw = N kl /k(fi)eiii + N fcl/fc (/32)e 222 
= /3iem + /3 2 e 222 . 

Clearly r exchanges /?i,/3 2 . This proves (1). 
Consider (2). Let 

A = {t G GL(1) A . 1 ( Q ,) | N A . 1 ( Q ,)/ A .( Q ,)(t) = 1}. 
Consider the following two exact sequences of abelian groups 

1 - A - - GL(l) fc - 1 

II I I 

1 — > A — >■ GL(l) ytl ( Q ,) — >■ GL(l) yt ( Q ,) — >■ 1 

where the last maps are given by ^ kl (a)/k(a)- 

From the above exact sequences, we have the following long exact sequences. 

••• - - B.\k,A) - H 1 ^,^) - 1 

I II 
&i(a) x -> &(a) x -> H 1 (A;, A) -> 1 



So, 



Therefore, 



H^G^J-H^A)/^, 

H X (A;,A) ^ K«) X /N fcl(a ) A(a )(A;i(«) x ). 

H^G^J - &(a)V& x N Ma)/ *( a )(A;i(a) X )- 



Let f3 G &(a) x . We consider the image of f3 by the boundary map k(a) x — > 
H^&jG^ ). We choose a large enough finite Galois extension k'/k and f3' G 
k\(a) (x) k' such that /3 = ^ k 1 (a)/k(a)(/^')- Here we are considering ^ kl (a)/k(a) 
as a &-morphism between the ^-varieties CL(l)k 1 ( a ) an d GL(l),t( Q ,). Then the 
corresponding element in H^A^G 1 ^) is given by {/3' _1 /3"'}^GGal(A;7A;) • Note that 
since we are regarding f3 as a A; -rational point of GL(1)^.( Q ,), (3^ = /3 for all ?y. So 
N ytl (a)/,t(a)(/3'" 1 /3"') = ft' 1 ft 11 = 1. By Proposition (3.12), corresponds to 

(3-15) ^(l,« 2 (/3'-yM/3'- 1 /3'T))</- 1 G G W ,,. 

Here v G Gal(Ar(a)/A;) acts on k(a) ® k' by the first factor and we are regarding 
v as a ^-automorphism of the A; -varieties GL(1)^ 1 ( Q ,) and GL(1)^.( Q ,). But ?y acts 
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on k(a) (x) k' by the second factor. Therefore v and r/ commute, even though they 
need not in Gal(& sep /A;), and we are slightly abusing notation. Similarly we are 
regarding point having coordinates in k(a) Cg> k' . Therefore g a is also fixed 

by T] for all r/. So we can write the element (3.15) as 

Let gp = g a (l } a 2 (/3' } fS'^^g^ 1 G Gk<- Then in H 1 (A;, Gk'\ the above 1-cocycle 
is trivial and becomes 8gp. Therefore, f3 corresponds to the orbit of 

gpw a = g a (l,a 2 (/3' ,/3' 1/ ))g~ 1 g a w 
= g a (l,a 2 (/3' ,/3'"))w 

= fi'a(NA; 1 (Q,)/A;(Q,)(/3')eiii + N A . 1 ( Q ,)/ A .( Q ,)(/3' I/ )e 2 22) 
= gaiftem + f3 u e 222 ). 

Clearly, fi^T*/" 1 maps f3 to ft v . This proves the theorem. Note if we can write 
the element (3.15) as 

(^(/3- 1 ,« 2 (/3',/3' I/ ))5- 1 )- 1 (^(/3- 1 ,« 2 (/3',/3' I/ ))5- 1 r, 

it determines a trivial class in H 1 (A;, G° Wa ). But this is not necessarily possible 
because f3 is not necessarily a A; -rational point of GL(1)&. 

Q.E.D. 

Corollary (3.16) (1) If x,y e V k ss and k(x) = k(y) then G° x = G° y . 

(2) If the characteristic of k is not two, k(x) = k(A(x)z) for all x G V k ss . 

Proof. The statement (1) is clear from the description of each orbit. 
Consider (2). Suppose that the characteristic of k is not two. 
For f3 in Theorem (3.13)(1), 

A(/3 1 e 111 +/3 2 e 222 ) = (/3 1 /3 2 ) 2 , 

and for this element, the field extension is trivial. 
For f3 in Theorem (3.13)(2), 

A(gpw a ) = A(# a (/3em + (3 V e 222 ) 

= x{g a fA{fie 111 +fre 222 ) 

= x(g a ) 2 ^k(a)/M 2 

= A(w a )N k(a) / k (J3) 2 = (ai - a 2 ) 6 N fc(a)/fc (/3) 2 . 
Since the characteristic of k is not two, 

k(gpw a ) = k(w a ) = k(a) = k(a>i — a 2 ) = k(A(gpw a ) ? ). 
This proves (2). 
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Q.E.D. 



§4. The non-split Eq case 

In this section, we consider the space of pairs of ternary Hermitian forms. We 
fix a separable quadratic extension k\ = k(ao) of k. The non-trivial element of 
Gal(ki / k) is denoted by a. Let G = GL(3)fe 1 X GL(2)& considered as an algebraic 
group over k. Let W be the space of ternary Hermitian forms, and V = W ® k 2 . 
The definitions of the action of G, F x (v) } Zero(x), A(x), k(x) for x £ V^ s , etc., 
are similar to those in §2. 

By a similar argument as in §2, we can show that (G, V) becomes the Eq case 
in [7]. Therefore, (G, V) is a prehomogeneous vector space. It is possible to check 
by linear algebra that the Eq case in [7] satisfies Condition (1.5). Since k\jk is a 
separable extension, we get the following proposition. 

Proposition (4.1) The prehomogeneous vector space (G, V) satisfies Condition 
(1.5). 

Let 

w = 



Tl 



T2 



Then t 1} t 2 £ G wk . 

It is easy to see that Zero(w) = {(1, — 1), (0, 1), (1, 0)} and Ti,T2 correspond to 
the permutations (12) and (13). By the same argument as in §2 the sequence (1.9) 
is exact for all x £ V k ss . Since Ti,T2 are rational elements, Aut(Zero(u;)) = S3. 
Therefore, we have a split exact sequence 

(4.2) i^ G w ^ Gw ^ &3 ^ 

where the action of the Galois group on S3 is trivial. So we have a surjective map 
ay :G k \V k ss ^(Sj^H^^Sa). 

By considering G° wkae p, we get the following proposition. 

Proposition (4.3) As an algebraic group over k } 




G w — \ (03(^11,^12,^13)5^2-^2) 



^11,^12,^13 £ K, t 2 £ k x , 
t2~N kl /k(tu) = t2~N kl / k (t 12 ) = t 2 ~N kl / k (t 13 ) = 1 



Let f(v) = vf + a\v 2 v 2 + a 2 v\v\ + a^v\ £ k[v] be a cubic polynomial without a 
multiple factor and «i, a 2} «3 the roots of f(v). 
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We define 



(4.4) 



D r 



(a i - a 2 )(a 1 - a 3 )(a 2 - a 3 ), 



Q a — t^. 



-(a 2 - a 3 ) 
a 1 (a 2 - a 3 ) 



a 2 — OL\ 
-a 3 (a 2 - ai) 



vi 



+ v 2 



1 


1 


1 


Oil 


Oi 2 




9 


2 


2 




«2 


«3 










( 





-1 




-1 


ai 





1 

-ai 



-1 

CLi 

-a\ + a 2 
1 

-ai 



-ai 



a 2 



a 2 —a\ + 2a>ia 2 



a 3 



By easy computations, 

det P a = D a , det Q a = — 
det w a = f(v). 



Let k(a) = k(ai } a 2} a 3 ) and ki(a) = ki(ai } a 2} a 3 ). Then k(a) and ki(a) are 
Galois extensions of k. By a similar argument as in §2, k(w a ) = k(a). 
If ki <£ k(oi), 

Gk{a) = GL(3) ytl ( Q ,) x GL(2) A .( a ), 
V)fc(a) = k(a) 2 . 

We extend cr to Gal(&i (a)/k) so that it is trivial on k(a). If v G Gal(&(a)/A;) we 
extend 1/ to Gal(&i (a)/k) so that it is trivial on &i. Then 1/ acts G^^ a ) and 

^fc = {<? G Ct^q,) \ g v = g for all 1/ G Gal(&(a)/A;)}. 

If &i C k(a), 

Gk( a ) = GL(3) yt ( Q ,) x GL(3) yt ( Q ,) x GL(2) fe ( a ), 
V* (c0 =M(2,2)(x)A;(a) 2 . 

If k(a) = ki, the action of a on G^^ a ) is given by 

(fi'l,fl , 2,fi'3) CT = (92,9l,93)- 

Also the action of G^^ a ) on V^q,) is given by 

(gi,g 2 ,g 3 )M(v) = giM(vg 3 Yg 2 . 
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If k(a)/k is an ©3-extension containing &i, we extend a to Gal(k(a) / k) so that 
it is trivial on k(a\). In other words we are regarding a as (23). The action of 
v G Gal(k(a) / k) is given by 

^ ^ _ f (91,92,93) v is trivial on &i , 

I (92 ■> 9\ ■> 9z) v i s n °t trivial on &i. 

Also 

^fc = {<? G \ g v = g for all 1/ G Gal(&(a)/A;)}. 

We define g a G Gk^p by 

(45) = f (P a ,Q a ) h £ k(a), 

' } 9a ~\ (Pa,P a ,Qa) h C &(<*). 

Lemma (4.6) idq, = ^ a u;. 
Proof. Let 

= fflj(a 2 — 03) + a 2 («3 — «i) + ^("l ~~ a i) 
for z = 2,3,4,5. We define 

-(a 2 - a 3 ) 
Wi(a) = I -(a 3 - ai) 

-(«i - a 2 ) 

-ai(«2 - "3) 
^(a) = I — a 2 (a 3 — «i) 

-a 3 («i - a 2 ) 

-A 2 (a) 

W 3 (a) = I -A 2 (a) -A 3 (a) 
-A 2 (a) -A 3 (a) -A 4 (a) 

A 2 (a) A 3 (a) 
W 4 (a) = I A 2 (a) A 3 (a) A 4 (a) 
A 3 (a) A 4 (a) A 5 (a) 



Then 



g a w = -^—PaiviW^a) + v 2 W 2 (a)yP a 
JJ a 

= -^-(viWsia) + V2W 4 (aj). 



' a 

Now the lemma follows from the relations 



A 2 (a) = D a , 

A 3 (a) = -D a ai, 

A 4 (a) = D a (a\ - a 2 ), 

A 5 (a) = D a (-a\ + 2a x a 2 - a 3 ). 
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Q.E.D. 



Let 
(4.7) 



(a 3 (tii,ti2,ti3),t 2 / 2 ) h <£ k(a), 

(03(^11,^12, ^13), 03(^21,^22,^23), ^2) h C k(a). 



In the following proposition if k(a)/k is a quadratic extension different from k\ 
then v G Gal( Ar(a) /k) = Gal( &i (a) / k\ ) is the non-trivial element and if k(a\ )/ k is a 
cubic extension, 1/ G Gal(&i (a)/ A;) is the element such that v{a\) = a 2} ^(0^2) = a 3} 
and v{s) = s for all s £ k\. Also if k(a)/k is a quadratic extension, we choose «i, «2 
conjugate over k and «3 = 0. 

Proposition (4.8) (1) If k(a) is a quadratic extension of k different from k\, 



G, 



9atg a 



<ii,<12 e h(a) x ,t 13 G Ar x , < 2 G Ar x , < 12 = ^ 

^2N ytl ( Q ,)/ yt ( Q ,)(tii) = t 2 ~Nk 1 (a)/k(a)(tl2) = ^2 N fel / k (t 13 ) = 1 

Ker(GL(l) Ma) x GL(l) fcl ^ GL(l)* (a) ), 



where GL(1)^ 1 ( Q ,) X GL(1)^ 1 — >■ GL(1)^.( Q ,) is given by 

(^11,^13) ~~ > ^ kxiaj/kia )(*11*13 )• 

(2) //&(<*) = &!, 



<ij G Ar x for z = 1,2, j = 1,2,3, t 3 G Ar x , 

^22 = ^11, ^21 = ^12, ^23 = ^13, ^3^11^12 = ^3 (t 13 ) = 1 

GL(l) fcl x GL(l) fcl . 



(3) If k(a) is either a cyclic cubic extension or an & 3 -extension of k not containing 
ki, 



G, 



9atg~ c 



hj G Ari(a J ) x for j = 1,2,3, t 2 G k x , 

2 

^12 = ^ii, ^13 = ^ii, ^2N ytl ( Q , i )/ yt ( Q , i )(ti J ) = 1 for j = 1,2,3 



{<u G GL(l) (tl 



(«i) I N^ 1 ( Q , 1 )/fc( Q , 1 



)(<u) G GL(1)*}. 



(4) If k(a) is an & 3 -extension of k containing k\ 



G, 



9 at 9a 1 



Uj G k(a) x for z = 1,2, j = 1,2,3, t 3 G Ar x , 

2 2 

^12=^11, ^13=^11, ^21 =in, ^22 = i , ^93 = t-> 



'12 — t-n, t-13 — f-H, f-21 — t-n, t-22 — f-H , f-23 — 41 
t3^k(a)/k( ai )(tll) = t3^k(a)/k( ai )(hl) = 1 
= {tn G GL(l) A .( a ) j N fe ( )(<u) G GL(1)*}. 

Proof. In the following proof, we only consider the set G° w k of At -rational points, 
but the argument can easily be generalized to G° WaR for any Ar-algebra R as in 
Proposition (2.10). Therefore, we are proving isomorphisms of algebraic groups 
over k. 
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Consider (1). It is easy to see that g v a = g a T\. So 

= g a (03 (^12, t\ 1 ,t" 3 ) ,t 2 I 2 )g a 1 - 

Therefore, (gatg^Y = gatg^ 1 if and only if t\ 2 = t\ x ^ £13 G k* , t 2 £ & x • The rest 
of the condition is obvious and this proves (1). 

Consider (2). Note that in Ct^q,), t\ corresponds to the element 




Since g a a = g a T U 

= g a {o^{t 22 , t 21 , ^23)5 °3 (^12 5 ^115 ^13)5 ^3 -^fi^ 

Therefore, (g a tg~ 1 )' J = g a tg~ x if and only if t 21 = t° 2 , t 22 = ^n, t 23 = t° 3 , £3 G 
k x . 

The rest of the condition is obvious, and this proves (2). 
Consider (3). It is easy to see that g v a = g a T 2 T\. So 

(gatga 1 )" = g a r 2 T X t 1, T X T 2 g~ x 

= g a («3(^i3,^i 1,^12 ) ,t 2 h )g a 1 - 

Therefore, , {g C( tg~ 1 y = gatg' 1 if and only if t 12 = t\ x , t 13 = t\ 2 = tf 1} t v 2 =t 2 . 

If k(a)/k is a cyclic cubic extension, k(a) = k(ai) = k(a 2 ) = k(a%). If k(a)/k 
is an ©3-extension, let v' G Gal(k(a) / k) be the element which corresponds to the 
transposition (12). We extend v' to Gal(&i («)/&) so that it is trivial on k\. Since 

9 a = 9*Tl, 

{.9*tga 1 Y = 9*T\t v Tig' 1 

= 9a(a 3 (ti2,tll,tl3),t2 12)9^ ■ 

Therefore, (gatg^Y = g a tg~ X if and only if t 12 = t^, t 13 G k 1 (a 3 ), t 2 = t 2 . 
Similarly, we can prove that t\\ G &i(«i), t\ 2 G ki(a 2 ). 

The rest of the condition is obvious. Since Gal(k(a) / k) is generated by the 
permutations (13) and (123), this proves (3). 

Consider (4). Note that since v is trivial on &i, (gi, g 2 , gsY = {g\ , g 2 , g 3 ) for 
(91,92,93) G G k(a) . So, as in (3), (g a tg~ 1 ) v = g a tg~ x if and only if 

t\2 = t\\, t\3 = t" 2 , t 22 = t 2 l, t 2 3 = t 22 , t% = t 3 . 

Note that we extended a to Gal(k(a) / k) so that it corresponds to the transpo- 
sition (23). Since g^ = g a T\T 2 Ti^ 

{.9 at 9 ^ Y = gaT\T 2 Txt a T X T 2 T X g~ X 

= g a (o,3 (t 21 , t 23 ,^2), 03 (^ii , t± 3 ,ti 2 ), t 3 I 2 )g a 1 • 



21 



Therefore, , (g a tg a 1 )' 7 = QatQa 1 if and only if 

^21 = t\n ^22 = ^13, ^23 = ^125 ^3 = ^3 • 

Note that vo = ov 2 , ^ 2 cr = <ti/. The rest of the condition is obvious. Since 
Gal(k(a) / k) is generated by the permutations (23) and (123), this proves (3). 

Q.E.D. 

Theorem (4.9) (1) There is a bijection 

6 3 \ (k x /K kl/k (k?)f/{(t,t,t) \t e k x } = a y\k), 

where the action 0/S3 is given by permutations. Moreover f3 = ( f3\ , $2 , /?3 ) £ (k x ) 3 
corresponds to the orbit of 

\ /° 

fh 

(2) Ifk'/k is a quadratic extension of k different from k\, there is a bijection 

6 2 \ A;(a) x /N, l(a ) A(a )(A; 1 (a) >< ) = a v \k'), 

where a = (ai,«2,0) satisfies k(a\) = k' , «2 is the conjugate of a.\, and the action 
of the non-trivial element v G ©2 — Gal(k(a) / k) is given by the usual Galois group 
action. Moreover, f3 G k(a) x corresponds to the orbit of 





-P" 

1 

(3) The set a^^i) consists of a single orbit. 

(4) Ifk'/k is a cyclic cubic extension, there is a bijection 

Z/3Z\A;(a 1 ) x /A; x N (tl(ai)A(ai) (A; 1 (a 1 ) x )-a- 1 (A;'), 

where a = (ai, 02, ^3) satisfies k(a\) = k' , «2,«3 the conjugates of a\, and the 
action ofTLjZTL = Gal(k(a) / k) = Gal(k(ai) / k) is given by the usual Galois group 
action. Moreover, if ' v G Gal(k(a)/k) is the element satisfying a\ = «2, «2 = a 3> 
f3 G k(a\) x corresponds to the orbit of 




(5) Ifk'/k is a cubic extension, whose Galois closure is an S3- extension, there is 
a bijection 

A;(a 1 ) x /A; x N (tl(ai)/(t(ai) (A; 1 (a 1 ) x ) 9* a v \k'), 
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where a,v are similar as in (4). Moreover f3 £ &i(ai) x corresponds to the orbit of 







9a Vi 







Proof. First note that 



63 k(x) = k, 



Aut(Zero(x))yt = < 



6 2 [k(x) 
Z/3Z [k(x) 
1 [k(x) 



k] = 2, 

k] = 3, i.e., Gal(&(a;)/A;) = Z/3Z, 
k] = 6, i.e., Gal(&(a;)/A;) = 6 3 . 



Consider (1). We have an exact sequence 

1 ^ G° w ^ GL(l) fcl x GL(l) fcl x GL(l) fcl ^ GL(1)* x GL(1)* ^ 1, 

where the last map is given by i , "^2 , ^3 ) — ► (N^ 1 /^(tit^~ 1 ), N^ 1 /^.(t2^3~ 1 ))- So we 
have an exact sequence 

(k?) 3 ^(k*) 2 ^n\k,G°j^i. 

Therefore, 

H^CO = (i x /N tl /*(*i X )) 2 = (k x /N kl/k (k*)T/{(t,t,t) | * £ k*}. 

For /3 = , /?2 ) £ (k x ) 2 , we choose a large enough finite Galois extension k'/k 
and f3[J' 2 J' 3 e &i <g> &' so that N^/^" 1 ) = A, N^/^" 1 ) = ft- Let 

0/? = (a 3 (/3i,#2, A0,i2). 

Then the image of /3 in H 1 (A;,G ! ^ ; ) by the boundary map is represented by 8gp. 
Clearly, S3 acts by permutations of f3[, f3' 2 , f3' 3 . 
Consider (2). We have an exact sequence 

1 ~^ G°w ~^ GL(l) A . 1 ( a ) x GL(1)a; 1 — > GL(l) A .( a ) — >■ 1, 

where the last map is given by (^n , ^13) — » ^ k 1 (a)/k(a)(^ii^i3 )- So we have an exact 
sequence 

&i(a) x x k* -> Ar(a) x -> H 1 (A;, G° w ) -> 1. 



Therefore, 



H^G^J = *(a) x /N Ma)/fc(a) (M«) X )- 



Note that this is not A;(a) x /A; x N,t 1 ( Q ,)/yt( Q ,)(A;i(a) x ). 

For /3 £ k(a) x , we choose a large enough finite Galois extension k'/k and /3' £ 
<g) A;' so that N kl / k ((3') = /3. Let 



^ = (a 3 (/3',/3^,l),/ 2 ). 
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Then the image of f3 in H^&jGr^ ) by the boundary map is represented by 8gp. 
Note that we are considering f3 as a A; -rational point of GL(1)^.( Q ,). So /3 is fixed by 
all T] G Gal(Ar sep /Ar) and this is why we have I 2 in the definition of gp. 

The non-trivial element of Aut(Zero(u; Q ,))fe is represented by ga^ig^ 1 and it 
induces the exchange of f3' and f3 lv . Therefore, the action of Aut(Zero(u; Q ,))fe = 
Gal(k(a) / k) coincides with the Galois group action. 

The statement (3) follows from Lemma (1.4). 

Consider (4) and (5). Let 

A = {t G GL(l) fel ( ai ) I N kl(ai) / k(ai) (t) = 1}. 
For case (5), k(a) = ki(a\). So for both cases, we have exact sequences 

1 - A - G° Wa - GL(l) fc - 1 

II I I 

1 — >■ A — >■ GL(l) A . 1 ( a ) — >■ GL(1) A .( Q , 1 ) — >■ 1 

where the last maps are given by ^ k 1 (a 1 )/k(a 1 )- 

From the above exact sequences, we have the following long exact sequences. 

- k* - E\k,A) - ^(k,G Wa ) - 1 

I II 
&i(ai) x -> k( ai ) x -> H 1 (A;, A) -> 1 

Therefore, H 1 (A;, G° Wa ) ^ ^("^^^^.(^^^(^^(^(aOx). 

For f3 G A;(ai) x , we choose a large enough finite Galois extension k'/k and 
P' G A;i(ai) ® A;' so that ^ kl ( ai )/k( ai )(P') = /3. Let 

_ r (a 3 (/3',/3^,l),/ 2 ) case (4), 

9(3 ~ I (a 3 (P',P"',P"' 2 ),a 3 (P",P""',P""' 2 ),I 2 ) case (5). 

Then the image of /3 in H 1 (A;, ) by the boundary map is represented by 8gp. 

In cases (4), (5), fi'a^rig'" 1 represents the element of Aut(Zero(u; Q ,))fe which 
corresponds to v G Gal(k(a)/ k). It maps P' to P' v . Therefore, the action of 
Aut(Zero(u; Q ,))fe coincides with the Galois group action for case (4). In case (5), 

= 9aT\T2T\ also and it maps P' to P'° ' . Therefore, the action of Aut(Zero(u; Q ,))fe 
coincides with the Galois group action for case (5) also. 

For case (1), gpw is the corresponding orbit and for cases (2), (4), (5), gpw a is 
the corresponding orbit and these are the ones we stated. This proves the theorem. 

Q.E.D. 

Corollary (4.10) (1) If x G V k ss , the field k(x) is generated by residue fields of 
points in Zero(x). 

(2) Ifx,y G V k ss and k(x) = k(y), G° x = G° y . 

Proof. Consider case (4) of Theorem (4.9) for example. This corollary follows from 
the fact that the zero set and the connected component of 1 of the stabilizer of the 
element 

vi I ~P V I + v 2 I -P" 

V p*' 
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are the same as those of w. Other cases are similar. 



Q.E.D. 



§5 Interpretation of the problems 

Let T = Ker(G — > GL(V)) for all the cases. If A; is a number field, it is possible 
to define the zeta function for the prehomogeneous vector space (G /T } V). For 
cases (1), (2), the convergence of the zeta function as well as the determination of 
the principal part is discussed in [9], [8]. For case (3), the convergence of the zeta 
function follows from the consideration in Part IV [11] because the weights of the 
representation are similar to those of the quartic case in [11]. 

Consider case (1). By Theorem (2.11), the orbit space parametrizes (£$ 2 - Since 

G ° Wa / T - GL(l) kl(a) / GL(l) fel 

and k\ is a fixed field, the weighting factor should be the the residue of the Dedekind 
zeta function for the field k\(a). Therefore, we are more or less counting the class 
number times the regulator of fields of the form A;(v^o, \//^) with (3q fixed. 

In cases (2) and (3) the interpretation is complicated by the fact that the map 
ay is not injective. The expected density theorem for these cases counts rational 
orbits with a suitable weight and does not immediately yield a density theorem for 
fields since most fields are associated by ay with infinitely-many orbits. The first 
observation to make here is that the group G° x does not depend on GkX, but only 
on ay(Gkx) (this was verified case by case above). Thus all the orbits associated to 
a given field have the same weight factor and we may hope to group them together 
in the sum in order to obtain a density theorem for fields. Secondly in every case 
the group G° x is a torus and fits into a short exact sequence whose other terms 
are products of groups obtained from GL(1) by restriction of scalars. The good 
behavior of Tamagawa measures in short exact sequences and under restriction of 
scalars (see [4]) leads us to expect that the weight factor will be essentially the class 
number times the regulator of the given field. 

Before describing the conjectural density theorems for cases (2) and (3) it may 
be helpful to mention a simpler example where many of the same phenomena occur. 
This is the case of G = GL(2)& acting on the space, V } of binary quadratic forms 
(note that, unlike [1] and [10], we are not including a GL(1) factor in G). Here 
there is a surjective map ay : Gk \ V£ s — > (££ 2 an d if k' is a quadratic extension of 
k then 

(5.1) kx/N k , /k ((k')X). 

It is well known (see [5] for example) that the quotient in (5.1) parametrizes cyclic 
algebras containing At', which in this case are simply quaternion algebras. Thus, 
excluding the point cty^fc), Gk \ V^ s may be put into one-to-one correspondence 
with pairs (Q } k') } where Q is a quaternion algebra over k and k' is a quadratic 
subfield of Q. It is these objects which are being counted in the density theorem. 
In this case if Wk> G «y 1 (A;') then 

Gl k , k = {t£(k'r \N k , /k (t) = l} 
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and so the weight factor for (Q } k') depends only on k'; it is more or less the class 
number times the regulator of k' . Different choices of Q merely give orbits with 
different "discriminants". 

Similar considerations may be applied to cases (2) and (3). In each case, by 
grouping together the contributions from each of the orbits in a given fiber of ay } 
we should obtain a density theorem for the class number times the regulator of a 
certain kind of field. For case (2) the set of fields will consist of the composita of all 
quadratic extensions of k with a fixed cubic field. For case (3) it will consist of the 
composita of all fields of degree at most three with a fixed quadratic field. In case 
(3) the correspondence of orbits with arithmetic objects may be made one-to-one 
by the device of introducing cyclic algebras as in the discussion of binary quadratic 
forms above. For example, if k 1 is a non-normal cubic extension, then a v (k 1 ) is 

(k') x /k x N k ,. kl / k ,((k' ■ k 1 ) x ) 

and this may be identified with the set of classes of quaternion algebras Q over k' 
which contain k' ■ &i, under the equivalence relation Q\ = Q2 if there is a central 
simple algebra A over k such that [Qi][A ® k'] = [Q2] hi the Brauer group of k' . 
This is also possible in case (2) when k\jk is cyclic, but does not seem so easy when 
it is not. 

One advantage of considering non-split cases in this paper is that it makes the 
global theory much easier. For example the group is of rank five for the split Eq 
case in [7], and the complexity of computing the principal part of the zeta function 
is already formidable. However, the group is of rank three for the non-split Eq 
case in this paper, and the global theory is well within our reach. The local theory 
is slightly more difficult but not much. Of course we would prefer to compute 
the density of the class number times the regulator of cubic fields without any 
modification. However, by considering the non-split Eq case, we are still considering 
cubic fields composed with a given quadratic field and the expected density theorem 
will probably be reasonably satisfying. 
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